, while Rudolf and Ziemba (2004) applied stochastic control theory to a hypothetical US example. However, stochastic control theory requires the solution of nonlinear problems, assumes that the portfolio is constantly revised, can generate very large short and long positions, and may require big changes in asset proportions from period to period, see Ziemba (2003) . A third approach that has been applied to analyse the investment and contribution rate decisions of defined benefit pension schemes is stochastic simulation, Boender (1997) , Boender, Van Aalst and Heemskerk (1998) , Boender and Vos (2000) , Boender, Dert and Hoek (2006) , Haberman et. al. (2003) , Kingsland (1982) , Mulvey et al. (2005) , Mulvey, Gould and Morgan (2000) , Mulvey and Thorlacius (1998) and Wright (1998) . Although simulation models are flexible, they do not generate optimal decisions and require considerable effort to formulate. However, they are useful to check the validity of more complex models. Fourth, Frankfurter and Hill (1981) developed a multi-period linear programming assetliability model which minimizes the present value of the contributions. However, it approximates the non-linearity introduced by risk, does not generate a risk-return frontier and treats the liabilities as certain. Finally, Tepper (1974) used stochastic dynamic programming to minimize the present value of the contributions, but did not include either asset or liability risk.
This paper proposes a different methodology based on mean-variance portfolio theory, which is well understood, has modest data requirements and is both general and simple to apply. This makes the methods used in this paper straightforward to operationalise, while still jointly optimising the asset allocation and contribution rate decisions. An enhanced portfolio model, which includes the scheme's liabilities (sub-divided into active members, deferred pensioners and pensioners) as well as its chosen assets, is solved to generate efficient asset allocations.
For efficient portfolios, a generalisation of the mathematical model of Haberman (1992) is used to compute the implied mean and variance of the contribution rate and funding ratio (i.e. the ratio of the fund value to its actuarial liabilities). The extension of the Haberman model is critical as we are able to relax a major inflexibility of the original model to allow the discount rate used in the actuarial calculations to differ from the expected investment return, and thus to model contribution rates in a way which conforms to finance theory. This generalization also removes any trade-off between contribution rate risk and funding ratio risk (for a fixed spread period), as one is simply a linear function of the other. It also removes the need to recompute the actuarial valuation of the liabilities as the asset allocation changes. We then further enhance the model to allow an investigation of the choice of the spread period used to adjust the contribution rate. This mathematical model is also used to estimate the distribution of the funding ratio, and to investigate the regulatory and solvency risk implied by the asset allocation and contribution rate decisions.
Section 1 discusses why the asset allocation and contribution rate decisions must be taken jointly. Section 2 presents the portfolio model of the asset-liability problem, while section 3 shows how the means and variances of efficient asset-liability portfolios can be transformed into the means and variances of the contribution rate and funding ratio. Section 4 sets out the assumptions of the Haberman model. Section 5 investigates the issue of choosing the spread period, and section 6 considers regulatory and solvency risk. Section 7 briefly describes the pension scheme studied -the Universities Superannuation Scheme; while section 8 contains the data. Sections 9 and 10 contain the results for the portfolio model and the transformation of these results into contribution rates and funding ratios. Section 11 has the results for the optimal spread period, section 12 considers the effect of triennial valuations, and section 13 deals with regulatory and solvency risk. Section 14 concludes.
Linkage Between the Asset Allocation and the Contribution Rate
The initial point for the analysis is the calculation of the actuarial liability of the fund. This calculation is divided into three parts, the value of the liability in respect of active members (those currently contributing to the fund before retirement) and those in respect of noncontributing members (deferred pensioners and pensioners). Equation (1) sets out a very simple calculation of the actuarial liability for active members using the projected unit method. The projected unit method "is now the natural method to use. ..... We see no strong reason to use any other method than the projected unit method for funding large schemes expected to have a continuing flow of new entrants". A survey found "that the majority of actuaries are now using the projected unit method", Thornton and Wilson (1992) . FRS 17 requires the use of the projected unit method, while it is prescribed by Financial Accounting Statement 87 (Employers' Accounting for Pensions) issued in 1985 by the US Financial Accounting Standards Board. (However, the valuation method used for company accounts under FRS 17 could differ from that used in setting the contribution rate.) For the projected unit method, "the actuarial liability for active members either as at the valuation date or as at the end of the control period is calculated taking into account all types of decrement. In such calculations pensionable pay is projected from the relevant date up to the assumed date of retirement, date of leaving service or date of death as appropriate." Faculty and Institute of Actuaries (2003) . This paper uses a simple actuarial model. However, a very wide range of alternative actuarial models could be used without changing the main conclusions. In a fully specified model, additional terms would be included to allow for withdrawals, transfers in and out, deferment, death in service, early retirement, ill-health retirement, the option for a lump sum payment on retirement, etc. The formulae are based on Actuarial Education Company (2002).
(1) A where AL is the actuarial liability for the active members of the scheme, P is the average member's past years of service as at the valuation date, S is the average member's annual salary at the valuation date, A is the accrual rate, e is the forecast nominal rate of salary growth per annum between the valuation date and retirement, h is the nominal discount rate between now and retirement, and is assumed equal to the expected investment return on the assets for this period, R is the average member's forecast retirement age, G is the average age of the member at the valuation date, W is the life expectancy of members at retirement, p is the rate of growth of the price level, and A N is the current number of active members of the scheme.
The final term in equation (1) is the capital sum required at time R to purchase an index-linked annuity of £1 per year.
A simple model for the computation of the actuarial liability for pensioners is (2) P where AL is the actuarial liability for pensioners, P N is the current number of pensioners, PEN is the average current pension; and the final term is the capital sum required now to purchase an index-linked annuity of £1 per year for the life expectancy, q, of pensioners. Adjustments to this simple model are required for dependents' pensions, death lump sum, etc.
A similar expression for the liability of deferred pensioners is 
which is the sum of the actuarial liabilities for every active member, pensioner and deferred pensioner. The precise form of the actuarial computations in equations 1-3 is irrelevant for the model developed below for setting the asset allocation and the contribution rate.
The trustees must invest the funds to ensure that the scheme is able to meet its liabilities. To do this they make the asset allocation decision, which involves setting the proportions of the fund invested in different classes of asset. Classes of asset might include domestic equities, foreign equities, domestic gilts, domestic index linked gilts, foreign bonds, property, cash, private equity, commodities, etc. Because it is generally accepted that asset classes with higher expected returns also have higher risks (Dimson, Marsh and Staunton, 2002; Cornell, 1999; and Siegel, 2002) , the asset allocation has an important effect on both the risk and return of the fund. While the selection of specific stocks, bonds or properties may also be important in determining the investment performance of the fund, it is not usually possible for the trustees to become involved in this level of detail, and so the asset selection decision is usually delegated to fund managers. This delegation can be further justified by the evidence that the main determinant of investment performance for UK and US pension funds is asset allocation, rather than asset selection (Blake, Lehmann and Timmermann, 1999; Brinson, Hood and Beebower, 1986; Brinson, Singer and Beebower, 1991; and Ibbotson and Kaplan, 2000) .
The trustees must also determine the employer's and employees' contribution rates. The employees' contribution rate (the percentage of their salary that each employee must pay to the pension scheme), is usually constant. In contrast, the employer's contribution rate is determined by the pension scheme's trustees, and is periodically reappraised. The modified (or recommended) contribution rate is equal to the standard (or normal) contribution rate plus or minus a contribution rate adjustment to correct for any difference between the actual and target funding level of the scheme. The contribution rate adjustment can be computed in a variety of ways. In the UK the commonly used methods are the spread (or percentage of pay) method, the mortgage method and the straight line method. The US and Canada use the amortization of losses method. Because the employees' rate is usually constant, any change to the overall contribution rate made by the trustees will result in a change to the employer's rate. Obviously, increasing the contribution rate has a direct effect on the fund's value, while increasing the employment costs to the employer.
Using the projected unit method, the standard contribution rate is defined by the Actuarial Education Company (2002) as "the present value of all benefits that will accrue in the year following the valuation date (by reference to service in that year and projected final earnings) divided by the present value of all members' earnings in that year". The standard contribution rate (SCR) is
where a , is an annuity to give the present value of earnings by the member over the next year, and AE is the administrative expenses of the scheme, expressed as a proportion of the current salaries of the active members.
The asset allocation and contribution rate decisions are interrelated as both affect the level and volatility of the contribution rate and the value of the fund. Throughout this paper assets are valued using current market prices. Actuaries can use other methods of valuation (e.g. the dividend discount model) which tend to smooth out variations in the value of the fund and contribution rate. But the actuarial profession is adopting market values, and smoothing the value of the fund and the contribution rate by ignoring changes in market value is diminishing in importance. If the scheme chooses an equity tilt in its asset allocation, in the expectation that this will increase returns on the fund, the average contribution rate may be reduced. However, an equity tilt will increase the volatility of the fund's returns. The degree of over or under funding of the scheme will also tend to be volatile, and this will increase the volatility of the contribution rate. The extent to which the volatility of an equity tilt feeds through to the contribution rate depends on the way in which the contribution rate is adjusted. For these reasons, the asset allocation and contribution rate strategies need to be considered jointly. Haberman et. al (2003) have also argued that the funding and investment strategies of a pension scheme should be considered jointly. In essence, the trustees choose the level and variance of the contribution rate which they prefer; and this then determines the asset allocation.
A Multi-Period Portfolio Model of the Asset-Liability Problem
Pension schemes have liabilities that may fall due up to sixty years (the life expectancy of a young academic) in the future, and so face a multi-period portfolio problem. Although no 2 W aring (2004) deflated by the liabilities, rather than the assets; and expressed the risk and return of the assetliability portfolio in terms of the alphas and betas of the capital asset pricing model. Nijman & Swinkels (2003) applied the Sharpe-Tint model, but with the simplification that the importance of the liabilities (k) equals the initial funding ratio.
--6 --general solution to the multi-period portfolio problem exists, it can be solved if a number of additional assumptions are made. A number of authors including Hakansson (1970 Hakansson ( , 1971 , Mossin (1968) and Campbell and Viceira (2002, pp. 33-35) have noted that, if portfolio returns are expected to be stationary over time (that is, returns are independently and identically distributed, or i.i.d.) and have a normal distribution, the investor's attitude to risk is wealth independent, and all dividends are immediately reinvested; then the problem is stationary, and the one-period solution is also the multi-period solution. If some aspect of the problem changes, the model can easily be re-solved. Since the contribution rate is usually fixed for three years, the asset allocation decisions in the second and third years are constrained to generate portfolios with risks and returns that are similar to those of the initial portfolio chosen in the first year of each triplet.
The strong assumption of normal i.i.d. returns is widely accepted and generally works reasonably well (it is, for example, made in the derivation of the Black-Scholes option pricing model). While asset returns can be approximated by a normal distribution, this is less clear for liabilities. If the maturity of the scheme is changing over time, the correlation between the scheme's liabilities and the various asset classes will also change. However, since the liabilities will be disaggregated into active members, pensioners and deferred pensioners; a change in scheme maturity need not change the correlations used in the model. The assumption of wealth independence fits with the evidence that the risk premium has not trended up or down over the last century as society has become much richer, and with the fact that pension schemes are organisations with an infinite life that do not themselves consume goods and services. Black (1995) refers to pension schemes as "conduits". Finally, the immediate re-investment of all dividends is common practice. Therefore, while the assumptions underlying myopia and the use of a one-period model are simplifications, they appear to offer a reasonable approximation to reality.
Pension schemes have liabilities to present and future pensioners, and the purpose of the pension fund is to meet these liabilities. To allow for liability risks, the portfolio model used to determine the asset allocation is modified by the inclusion of scheme liabilities (Sharpe and Tint, 1990; Sharpe, 1990; Ezra, 1991) . Instead of viewing the pension scheme as a separate entity, 2 it can be treated as an integral part of the employer. In which case the portfolio problem includes not only the assets and liabilities of the pension scheme, but also the assets and liabilities of the employer (Bagehot, 1972) . Chun, Chiochetti and Shilling (2000) and Craft (2001 Craft ( , 2005 have applied the Sharpe-Tint model to US corporate pension funds. The returns on shares in some employers may be highly correlated with those of a particular industrial sector. In which case the portfolio allocation decision of the fund should make allowance for this situation. However the very large public sector pension scheme studied below has no such problems, and so this feature is not incorporated into the model.
Since the value of the liabilities is assumed to be unaffected by the asset allocation of the fund, the portfolio problem can be stated in terms of the mean and variance of returns on the fund; but with the addition of a term for the covariances of returns on each asset class with the liabilities. There is no explicit consideration of matching the duration of the assets and liabilities. However, if assets with a range of durations are included, the portfolio model implicitly takes duration matching into account.
The model of Sharpe and Tint (1990) is extended by disaggregating pension fund liabilities into three components (active members, deferred pensioners and pensioners), where each of these components has different correlations with the various asset classes. Pensions in payment can take the form of a fully index-linked annuity when pension increases are linked to the retail price index (RPI), while deferred pensions are usually based on final salary, indexed to the retirement date for subsequent increases in the RPI. Index-linked gilts are likely to represent a good match for such liabilities. Full price indexation and an absence of deflation is assumed so that there are no limited price indexation complications.
The size of the pension that will be received by active members depends on their final salaries; and other asset classes are likely to provide a better match for this salary risk than UK government bonds (gilts). The model assumes, as does Haberman's (1992) model, which is discussed below, that the growth rates of total benefits and total contributions are nonstochastic. If the growth rates of total benefits and contributions are stochastic, the variances of the portfolios produced by the Sharpe and Tint model must be expanded to include the correlations between wages and the assets, and between benefits and the assets, see Yang (2003) . An efficient frontier can be constructed by repeatedly solving this quadratic programming a problem for a range of required expected returns on the portfolio of assets held, E . Short selling is excluded by (6d) because pension schemes choose not to engage in this activity. The exclusion of short selling (and of borrowing money) has important implications for the optimal asset allocation (Sutcliffe, 2005) . Because the liability proportions are fixed, the returns on the liabilities and the covariances between returns on different liabilities play no part in determining the asset proportions of the efficient frontier. The returns on the liabilities are the proportionate changes in value of the liabilities during the period. Liability returns may be due to changes in accrued years, the number of members and pensioners, the level of salaries and the RPI, variations from the actuary's demographic assumptions, and, most importantly, changes in the discount rate.
A continuous time model for the asset allocation decision of defined benefit pension schemes, based on the Sharpe & Tint (1990) model and Merton (1992) , was derived by Rudolf & Ziemba (2004) . Their model has four-fund separation, with investors determining their optimal weights across these four funds. The objective is to maximize the intertemporal scheme surplus, and Rudolf & Ziemba show that the proportion of the scheme's assets invested in securities providing a hedge for its liabilities should be equal to a constant (which is a linear function of the asset and liability covariances), divided by the funding ratio. Therefore, the proportion of the fund invested in assets hedging the liabilities is independent of preferences; and becomes lower as the funding ratio rises.
Transformation of the Portfolio Returns to Contribution Rates and Funding Ratios
MacBeth, Emanuel and Heatter (1994) report than trustees find it much easier to make judgements about contribution rates and funding ratios than about return distributions. Since the asset allocation decision should be taken simultaneously with the contribution rate decision, it is helpful to respecify the objective from a mean-variance analysis of returns to using the mean and variance of the contribution rate and funding ratio as the criteria. Haberman (1997) observes that there is a difference between the variance of the present value of all future contributions, and the long-run variance of contribution rates. The usual choice, which is followed in this paper, is the long-run variance of contribution rates.
Beginning with the work of Dufresne (1986 Dufresne ( , 1988 Dufresne ( , 1989 Dufresne ( , 1990a Dufresne ( , 1990b , mathematical expressions have been derived for the first two moments of the contribution rate and the funding ratio. These models provide formulae for the mean and variance of the total value of T contributions and the total value of the fund. However, if AL and Q (the total value of annual salaries currently paid to active members) are fixed, it is more convenient to work with the mean and variance of the contribution rate and the funding ratio. A series of papers have developed and elaborated this approach: Bédard (1999), Booth, Chadburn, Cooper, Haberman & James (1999) , Cairns (1995 Cairns ( , 1996a Cairns ( , 2000 , Cairns and Parker (1997) , Chang and Chen (2002) , Gerrard and Haberman (1996) , Haberman (1992 , 1993a , 1993b , 1994a , 1994b , 1997a , 1997b ), Haberman, Butt and Megaloudi (2000 , Haberman and Dufresne (1991) , Haberman and Owadally (2001) , Haberman and Wong (1997) , Mandl and Mazurová (1996) , Haberman (1999, 2000) and Zimbidis and Haberman (1993) .
Some studies have used stochastic control theory to investigate the effects of allowing the asset proportions in the risky and riskless assets to be altered over time according to some assumed rule (Boulier, Trussant and Florens, 1995 , Boulier, Michel and Wisnia, 1996 , Cairns, 1996b , Bédard and Dufresne, 2001 , Josa-Fombellida and Rincón-Zapatero, 2001 , and Rudolf and Ziemba, 2004 . This usually involved modelling a hypothetical pension scheme with two classes of asset, one risky and one risk-free, and a riskless liability; to derive expressions for the mean and variance of both the value of contributions and the value of the fund for combinations of the following aspects of the problem: C Spread period -the use of the spread method or the amortization of losses method when setting the number of years over which the over or under-funding of the scheme is to be eliminated. C Returns distribution -the assumption of i.i.d. returns, first or second order autoregressive returns, or first order or second order moving average returns on the investments of the scheme. C Funding method -the use of individual or aggregate funding methods by the actuary when valuing the liabilities of the scheme and setting the standard contribution rate. C Lagged adjustments -the presence of a lag of zero, one or more years in revising the contribution rate. C Valuation timing -annual or triennial actuarial valuations of the scheme.
Many different funding methods have been developed to compute the contribution rate and funding ratio, among them are attained age, entry age, projected unit and current unit methods. The choice of funding method affects the level and stability of the contribution rate. For example, the entry age method produces a stable contribution rate over the life of each member, and if the distribution of entry ages and sexes remains equal to those assumed, the contribution rate for the scheme is constant over time. Similarly, if the forecast return on investments exceeds the forecast rate of salary growth, then the contribution rate generated by the projected unit method is a positive linear function of the member's age. If the age, sex and salary distribution of members remains constant, this method also produces a stable contribution rate for the scheme.
The model which is closest to the circumstances of many large UK pension schemes is that of Haberman (1992) . Among this model's assumptions are that the scheme uses the spread method for adjusting the contribution rate. The spread and the amortization of losses methods have been compared by Cairns (1995 Cairns ( , 1996a , Haberman (1998) , Haberman and Owadally (2001) and Haberman (1999, 2000) . The minimum variance of the contribution rate that can be achieved using the spread method is below that achievable using the amortization of losses method. In addition, for a given variance of the funding ratio, the corresponding variance of the contribution rate is lower for the spread method. Therefore, the spread method is preferable on the grounds of giving lower variances for both the contribution rate and the funding ratio.
It is also assumed that the valuation, or discount, rate is certain and equal to the expected rate of return on investments. The use of the return on the assets as the discount rate is permitted by SSAP 24 (ASB, 1988) , and has been in widespread use by actuaries for many years. Recently other discount rates have been suggested -long term bond yields, bond yields plus a risk premium, and returns on a portfolio that replicates the liabilities, Faculty and Institute of Actuaries (2003) and Exley, Mehta and Smith (1997). FRS 17 (ASB, 2000) proposes that the return on the matching portfolio be proxied by the return on AA grade corporate bonds. If the return on the assets is higher than these alternatives, its use as the discount rate reduces the actuarial liability and the expected contribution rate. Therefore the contribution rates given by the Haberman (1992) model are usually lower than those produced by a model using the return on a liability matching portfolio as the discount rate.
Additional assumptions are that returns are i.i.d., an individual funding method (e.g. the projected unit method) is in use, actuarial valuations are annual, there is a lag of one year in adjusting the contribution rate after each actuarial valuation, there are no benefit improvements (other than full price indexation), the target funding ratio is 100%, the demographic assumptions of the actuary are realized, scheme membership is stationary in size and structure and the rate of salary growth is constant and certain. The model shows that, in these circumstances, the actuarial liability and the standard contribution rate are constant over time, and the average funding ratio is 100%.
Although the Haberman (1992) model assumes that the size of the scheme is constant, scheme growth need not affect the standard contribution rate computed using the projected unit method if the age, sex and salary distribution of members remains unchanged. To allow for growth in a salaries and benefits, the Haberman (1992) model uses the deflated investment return (v )
where the rate of salary growth between now and retirement is assumed to increase at the same rate as benefits. To ensure stationarity, Haberman also assumes that e = p, and that there is no promotional scale. These restrictions are not imposed on the actuarial models in equations 1 to 5.
If expected returns are to be deflated by earnings growth, it follows that the variance of the al asset-liability portfolio should also be deflated, and so ó is 2 (8)
4: Relaxing the Assumptions of the Haberman (1992) Model
The most restrictive assumption of the Haberman (1992) model is that the discount rate equals the rate of return on investments. This assumption, which is also widely used in other actuarial models of pension schemes, has the strange consequence that, by investing in a high-risk highreturn portfolio of assets, the liabilities of the scheme get smaller. To avoid making this undesirable assumption, we generalise the Haberman model to allow the discount rate to differ from the investment return. Full details of the generalisation are available from the authors, but it follows the similar generalisation of the Dufresne (1988) model presented by Cairns (1995 Cairns ( , 1996a . As well as improving the economic realism of the model, this generalisation greatly simplifies its empirical application. This is because the actuarial liability is unaffected by the asset allocation decision, obviating the need to re-compute the actuarial liability for every asset allocation with a different rate of return. When the investment rate of return is used to estimate h (as in Haberman, 1992 ) the actuarial liabilities change as the asset allocation changes, and the actuarial formulae for the computation of the liabilities are necessary to operationalise this model. However, if the rate of return on a portfolio that matches the liabilities is used to estimate h (as in the generalised Haberman model), the return on the matching portfolio is invariant with respect to changes in the asset allocation, and the values of the actuarial liabilities are constant. In which case, the actuarial valuation of the liabilities is simply a fixed input number to the model. The generalized Haberman model also drops the requirement that the funding ratio be 100%.
The models of Haberman et al assume that the liabilities are riskless. This implies there is no discount rate risk; and that the actuarial demographic assumptions such as longevity, withdrawals and early retirement are satisfied. The discount rate for liabilities in this paper is the riskless rate. However, when computing investment risk, the asset variance is replaced by the variance of the asset-liability portfolio. Since the portfolio model allows the liabilities to be risky, both discount rate risk and actuarial demographic risks are indirectly incorporated into the model.
The Haberman (1992) model assumes that actuarial valuations are annual, while most schemes have triennial valuations. As a result, the model tends to understate the true variance of the contribution rate and funding ratio. Triennial valuation could have been allowed for using the model of Haberman (1993b) , but at the expense of assuming that the contribution rate was adjusted instantly on the date of the actuarial valuation. Cairns (1996a) concludes that a one year lag in adjusting the contribution rate has a much bigger effect on the variance of the contribution rate than does allowance for triennial valuations. We investigate the size of this effect by comparing the mean and variance of the contribution rate and funding ratio using the model of Dufresne (1988) , which assumes annual valuations and instant revision of the contribution rate, with those obtained using the model of Haberman (1993b) , which assumes instant revision of the contribution rate, but triennial valuations. Details of these models appear in the appendix.
The Haberman model does not incorporate benefit improvements which may be granted when the funding ratio becomes strongly favourable, nor does it include any defaults which may occur when the funding ratio becomes very unfavourable. This is because the inclusion of such effects would considerably complicate the model. While the Haberman model could be applied to determine the asset allocation of the pension schemes of companies, there are tax arbitrage arguments for such schemes simply selecting the asset allocation which minimises the risk of the asset-liability portfolio (Ralfe, 2001; Ralfe, Speed and Palin, 2003; Sutcliffe, 2005) . If these arguments are accepted, the Haberman model only applies to pension schemes whose employer does not pay tax. Among examples of such schemes in the UK are those run by local authorities, the British Broadcasting Corporation, the Universities Superannuation Scheme, the Church Commissioners, the Financial Services Authority, the Civil Aviation Authority, London Transport, British Coal, the Post Office and the Merchant Navy.
The following equations give the first two moments of contributions and the value of the fund for a given investment return and variance of asset-liability returns under the projected unit method using both the Haberman (1992) model and its generalised version, denoted respectively by the subscripts H and G. The expected value of the fund (F) is
where d' is the discount rate for liabilities (11)
i.e. k is the reciprocal of a compound interest rate annuity with a life of M years calculated at the rate d. W hen making this adjustment for the Haberman (1993b) model Q is increased to 3Q because this model deals with three year periods.
--13 --These equations give the first two moments of the total levels of the value of the fund and annual contributions to the scheme. The equivalent numbers for the funding ratio (FR) and the contribution rate (CR) for the Haberman (1992) and the generalised Haberman models are It can be seen from equations (15), (19) and (20) 
The Choice of the Spread Period
Although UK accounting rules require M, the number of years used in the spread method to be equal to the average future working life of the membership, actuaries are free to choose M. A number of researchers have examined the choice of M for computing the contribution rate adjustment: Bédard (1999), Booth, Chadburn, Cooper, Haberman & James (1999 ), Cairns (1995 , 1996a , Cairns and Parker (1997) , Chang and Chen (2002) , Dufresne (1986 Dufresne ( , 1988 Dufresne ( , 1989 Dufresne ( , 1990b , Haberman (1990a , 1993b , 1994a , 1994b , 1997a , 1997b ), Haberman, Butt and Megaloudi (2000 , Haberman and Dufresne (1991) , Haberman and Wong (1997) and Haberman (1999, 2000) . Their models reveal that, as the spread period is lengthened, the variance of the contribution rate first decreases, but then, after a critical value of M, denoted M*, begins to increase. In contrast, because they use the return on investments as the discount rate, the variance of the funding ratio increases monotonically with M. 
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For regulatory and solvency reasons, the scheme may also be concerned about the variance of the funding ratio, which is a positive function of M, so that the more slowly any over or underfunding is eliminated, the higher will be the variance of the funding ratio.
Equations (21) and (22) reveal that M* decreases as higher risk and higher return asset portfolios are chosen, and so a one-size-fits-all policy of determining the spread period separately from the fund's investment decision is inappropriate. The spread period used in adjusting the contribution rate is endogenous and should be selected in the light of the risk and return on the chosen portfolio. In the Haberman (1992) model, M is the only available contribution rate policy variable. However, in reality contribution rate policy can be more complex than always eliminating any over or under funding. While there is a linear relationship between contribution rate risk and funding ratio risk for the generalized Haberman model with a fixed spread period, this ceases to be the case when the spread period is endogenous.
Regulatory and Solvency Risk
Although the discussion in this section is couched in terms of UK legislation, the arguments are general and will apply in most regulatory environments. UK legislation places upper and lower limits on the funding ratio of pension schemes. Under the Pensions Act 1995 , a scheme which 4 is less than 90% funded on the minimum funding requirement, MFR, basis, must be returned to 90% funding within three years, and to 100% funding within ten years. Under the Finance Act 1986, Schedule 13, Part 2, schemes which are more that 105% funded, on the prescribed The valuation basis is specified in the Pension Scheme Surpluses (Valuation) Regulations 1987, Statutory Instrument no. 412.
6
This upper limit will shortly be abolished, as will the MFR.
7
For stochastic programming models, Kusy & Ziemba (1986 ), Cariño et. al. (1994 , and Cariño, Myers & Ziemba (1998) proposed the use of a convex tail risk measure which leads to a concave utility function that can be modelled using a piecewise linear approximation.
--15 --valuation basis , must be reduced to below 105% over the next five years . The likelihood of 56 breaching these requirements must, therefore, be considered when making the asset allocation and contribution rate decisions.
Value at risk (VaR) is a popular risk measure for financial institutions. It gives the estimated maximum loss that can occur over a stated time horizon for a chosen probability, ë; and so the probability that the actual loss exceeds the specified VaR is (1!ë), which is called the shortfall probability (SP). However, although VaR is useful, it suffers from some serious theoretical and applied difficulties. For example, it does not satisfy the coherency axioms of Artzner, Delbaen, Eber, and Heath (1999). Some of these difficulties are overcome by using the expected tail loss, ETL, to quantify the effects of breaching the solvency and regulatory constraints. The ETL is also known as the conditional value at risk (CVaR), the mean shortfall, the mean excess loss or tail VaR. The ETL has been applied to pension schemes by Bogentoft, Romeijn and Uryasev (2001); while there is also a literature on the use of shortfall risk in the context of pension schemes (see Leibowitz, Bader and Kogelman, 1996 and Haberman et. al., 2003) .
The ETL computes the expected size of any breach of the funding requirements exceeds the specified VaR. In the present context, two VaR values, representing the regulatory restrictions on the maximum and minimum funding ratio, are of interest. Breaches of the upper regulatory constraint can be analysed in the same way as breaches of the lower constraint, except that breaches are greater, rather than smaller than the specified VaR. While the VaR is defined as a loss, it is convenient in the present circumstances to treat the VaR as a specified funding ratio, rather than a deviation from the specified upper or lower bound. Such ETLs have been termed conditional tail expectations. As well as the ETLs, the probability of a particular funding ratio breaching each of the regulatory limits (i.e.(1!ë), the shortfall probability, SP) is also computed.
The computation of the ETLs and SPs requires a knowledge of the probability distribution of the funding ratio, and this probability distribution has been studied by Dufresne (1990b) , Cairns (1995 Cairns ( , 1996b Cairns ( , 2000 and Cairns and Parker (1997) . Cairns (1995) concludes that, in discrete time, the inverted gamma distribution (also known as the reciprocal or inverse gamma distribution, and the Pearson Type V distribution), provides a very good approximation to the distribution of the fund value in a wide variety of cases, and so this distribution is used to compute cumulative probabilities for the funding ratio. Using the results in Evans, Hastings & Peacock (1993) and Johnson, Kotz & Balakrishnan (1994) , it can be shown that the reciprocal of the funding ratio has a two parameter gamma distribution with parameters á (shape) and â (scale), where
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From this, the two parameters of the gamma (and inverted gamma) distribution can be obtained from the mean and variance of the funding ratio of the generalised Haberman model
The probability density function (PDF) of the inverted gamma distribution of t is equal to 1/t 2 times the PDF of the gamma distribution of 1/t. The probability density function for the inverted two parameter gamma distribution for the variable t is: p(t) = t e / âÃ ( á ), where á > 0 and â > 0 (27)
where the term Ã(á) is the gamma function which acts as an adjustment factor to ensure that the probabilities sum to one. The SP and the ETL for over-funding are computed by integrating the probability density function from zero to the chosen value of 1/t; while the corresponding figure for an under-funding involves integration from the chosen value of 1/t to infinity. The cumulative density function (CDF) of the inverted gamma distribution of t (i.e. Inverted CDF (t, á, â) ) is equal to one minus the CDF for the gamma distribution of 1/t (i.e.
1!CDF(1/t, á, â)).
The ETLs can be approximated to any degree of accuracy by computing the average of the VaR values throughout the tail (i.e. for all losses greater than the specified VaR). Let ë represent the chosen probability for the specified VaR, and divide the tail beyond this VaR into
, and then, for each value of ë , the cumulative inverted gamma distribution is used to find the corresponding value of the funding ratio. The ETL is then the equally weighted arithmetic average of these funding ratios. Thus (28) ii where VaR(ë ) is the VaR corresponding to a probability of ë . The accuracy of this method is reported to be reasonably good for values of ö > 50 (Dowd, 2002) .
Description of the Universities Superannuation Scheme
The asset-liability model described above was applied to the Universities Superannuation Scheme (USS). USS was created in 1974 as the main pension scheme for academic and senior administrative staff in UK universities and other higher education and research institutions (Logan, 1985) . From 10 December 1999, the rules of USS were changed to allow any employee, non-academic or academic, at any higher education institution (or associated establishment) in the UK to become a member. By 2002 there were over 300 institutional members (i.e. employers) participating in USS, which was the third largest pension fund in the UK, with assets of £20 billion, and 180,000 members, pensioners and deferred pensioners. USS is a defined benefit scheme with an 80 accrual rate and is managed by the trustee ths company, USS Ltd. The employers' contribution rate in 2002 was 14% of salary, while the employee contribution rate was 6.35%. The principal benefits are an index-linked pension and a tax-free lump sum on retirement, ill-health retirement with an index-linked pension and taxfree lump sum, and index-linked pensions for spouses and dependents on the death of the member or pensioner. USS is an immature scheme with a net cash inflow of £550 million in 2002. While the maturity of the scheme will probably increase in the future, it is expected to have a positive cash flow for many years. The USS actuary uses the projected unit method, which is an individual funding method, and triennial valuations.
Data
The numerical results presented below relate to the application of the asset-liability model described in this paper to USS, using data for its 2002 actuarial valuation (USS, 2003) . This 1 actuarial valuation allows the calculation of the values of the initial liability proportions as w =
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! 0.5523121, w = !0.0642698 and w = !0.3788936. The valuation of the liabilities was approximately equivalent to a buyout valuation. The trustees of the fund allocate its assets between five principal asset classes: UK equities, overseas equities, property, fixed interest and UK index-linked gilts. In addition, three types of liability are recognised -active members, deferred pensioners and pensioners. Table 1 shows the modest data requirements of this model; with only 25 correlation forecasts (of which 15 involve pension liabilities), 8 forecasts of the expected returns, and 8 forecasts of the standard deviations of returns. The forecasts used in generating the subsequent illustrative results are based on annual data for the period 1981-2002 -the IPD index of total returns on all UK property, the MSCI World ex UK total returns index in £, the FTSE All Share index including dividends, yields on long term UK Government bonds supplied by Datastream, and UK index linked gilt yields for a constant maturity. Since the assets are proxied by indices, to the extent that the fund engages in active management, as opposed to tracking the index, the risk is understated and returns and correlations altered.
The liability data was constructed using the top point on the lecturer scale together with the simple actuarial models in equations 1-3. For each liability estimate, the discount rate used was the current long term UK Government bond yield. Since salaries are subject to public sector pay policy, it is possible that salary increases are related to the macroeconomic situation in a way that differs from the private sector. The numerical results from this empirical analysis were then adjusted using estimates supplied by Schroders and Watson Wyatt. Craft (2005) used annual data on the projected pension benefit obligation of 647 US firms for 1988-2002 to construct a series of aggregate liability returns. These returns included changes in liabilities due to additional benefits, etc, adjusted for changes in the number of employees. The correlations of these liabilities with domestic equity, bonds and property; as well as the returns and standard deviation of liabilities, were used in adjusting the forecasts in table 1.
Portfolio theory treats the means, variances and co-variances as free of estimation error. However, in reality, these parameters are subject to estimation risk. Therefore, the computed risks and returns of the portfolios are imprecise. Since portfolio theory seeks out those portfolios with low risk and high return, the presence of estimation risk tends to result in the choice of portfolios where the return is overstated and the risk is understated, see Michaud (1989) . The size of this estimation risk depends on the accuracy of the forecasting procedures adopted. Board and Sutcliffe (1994) provide an example of the performance of different forecasting procedures in constructing efficient portfolios. It is generally accepted that for large pension schemes, actuarial forecasts of the demographic factors are reasonably accurate, and the key forecasts concern the investment and discount rates. Chopra and Ziemba (1993) demonstrate that the accuracy of mean asset returns is about ten times more important than the forecasts of the variances, while the variance forecasts are about twice as important as the covariance forecasts. Therefore the greatest effort should be focussed on obtaining accurate expected mean returns. In the present paper, estimation risk is not explicitly considered, and allowance for this should be made in interpreting the results presented below. Decision makers can get some idea of the robustness of the results of this model to estimation risk by conducting a sensitivity analysis and re-solving the problem using alternative estimates of asset and liability returns.
USS does not hedge the currency risk of foreign securities, and so the returns and correlations are expressed in terms of the sterling-equivalent returns. The returns are gross, since pension schemes are exempt from paying taxation. Prior to July 1997, UK pension schemes received a tax refund equal to the value of the advance corporation tax (ACT) paid by the company on the dividends declared. Therefore, before this date, the net dividend income of pension schemes exceeded their gross dividend income by the amount of this tax refund. This is no longer the case and pension schemes simply receive gross dividends. USS pensions are fully index linked, so that in the absence of deflation, no adjustment is required to allow for limited price indexation.
[ Table 1 here]
9: Solving the Asset-Liability Portfolio Model

3
The data in table 1, together with the liability proportions (w, w and w ) for the pension scheme were used to solve the extended portfolio model set out in section 2. The results of this assetliability pension model are sets of five asset proportions and three fixed, liability proportions. This allows the calculation of two sets of portfolio risks and returns: for the asset component of the portfolio only (representing the gross portfolio performance), or for the asset-liability portfolio (representing the net portfolio performance). Results were also obtained for the portfolio model using only assets, but these are not reported.
[ Table 2 here] Table 2 shows the risk and return of both the asset and the asset-liability portfolios, as well as the investment proportions themselves, for a range of points on the efficient frontier. The assetliability portfolios use the USS funding ratio of 101%. For low risk portfolios, the size of the optimal holding by USS of index linked gilts represents a substantial proportion of the market. This can be overcome by using the index linked swaps market, or by placing constraints on the maximum holding of index linked gilts. The last line of table 2 shows the actual USS asset a allocation on 31 January 2002. This portfolio is plotted in figure 1 as USS (USS assets only) al and USS (USS assets and liabilities). The efficient frontiers for these two alternative sets of portfolios are plotted in figure 1. While the asset-liability quadratic programming model must generate convex efficient sets, the assets-only frontier may not necessarily be convex. Table  2 and figure 1 show that the asset-liability numbers have lower risk and lower return than the corresponding asset-only numbers, highlighting the fact that the model allows the pension scheme to hedge the liability risk.
The USS Statement of Investment Principles (SIP) supports the objective of "funding the scheme's benefits at the lowest cost over the long term, having regard to the minimum funding requirement of the Pensions Act 1995 and having regard to the attitude of the Committee of Vice-Chancellors and Principals and of the Management Committee towards the risk of higher contributions at some time in the future", USS (2002) . Given these objectives, the relevant values for decision taking by the pension scheme are those reflecting its net position, rather than the unhedged, or gross, asset returns and risks. The scheme is taking positions on the spread between investment returns and the rate of increase in retail prices and salaries. Thus, while small changes in the difference between these two returns may be important for the pension scheme, big changes in both may not. The asset-liability efficient frontier can be viewed as the outcome of a risk-minimising generalised hedge, subject to the constraints of a given 12 rate of return and a hedge ratio of (w+ w) or !0.9918747.
[ Figure 1 here] Table 2 also shows the Ederington (1979) measure of hedging effectiveness, which gives the reduction in the variance of the asset-liability portfolio, relative to the variance of the fund's liabilities. This shows that the best hedge occurs for portfolios 4 and 5, which offer a 50% reduction in risk. It also shows that for portfolios 9 to 11 (and USS), the risk of the hedged portfolio exceeds that of the liabilities alone, so that the fund faces additional asset risk in addition to the basic risk of its liabilities.
The expected return for portfolios 1 and 2 for the assets and liabilities together is negative; a fact obscured if only the asset returns are considered. The results also demonstrate the interaction between assets and liabilities in the model, as the asset-liability frontier is not simply a linear transformation of the assets-only frontier (e.g. each point on the asset frontier shifted the same distance to the south west). For example, the risk-minimising portfolio for the assetliability model is portfolio 4, while for the assets-only portfolio it is portfolio 2. The expected return on the assets in the risk-minimizing portfolio 4 is 4.24%, which compares with a discount rate of 5.5% used in computing the actuarial liabilities. Thus, the asset-liability results reveal that portfolios 1, 2 and 3 are dominated, while the assets-only numbers incorrectly suggest that only portfolio 1 is dominated. Similarly, the slopes of the efficient frontiers differ, and the correct risk-return trade-off facing the pension scheme for any specified rate of return (or risk) is that provided by the asset-liability results, not the assets-only results. This confirms the view that any pension scheme should adopt an asset-liability based analysis of the asset allocation, rather than attempting to consider the asset allocation separately from the liabilities.
10: Transformation of the Portfolio Returns to Contribution Rates and Funding Ratios
As noted in section 3, pension scheme trustees usually prefer to judge the results from portfolio models in terms of the implied level and dispersion of the contribution rate and funding ratio, rather than the risk and return of the asset or asset-liability allocation. For example, the declared objectives of USS can be summarised as simultaneously minimising the average contribution rate and the variance of the contribution rate. The academic literature has considered three main objectives -(a) minimise the expected contribution rate, (b) minimise the variance of the contribution rate, and (c) minimise the variance of the funding ratio. USS takes the view that the first two objectives are the most important criteria for a well-funded scheme where insolvency is very unlikely. For the generalised Haberman model with a fixed spread period, the variance of the contribution rate is a linear function of the variance of the funding ratio, and so the choice between these two measures of risk is of little consequence. However, for regulatory reasons, the distribution of the funding ratio will also be considered, to ensure that the asset allocation decision is unlikely to lead to any regulatory problems.
In 2002 USS had a funding ratio of 101% and set the employers' contribution rate for the next three years at 14%, the same rate as in preceding six years. This suggests that USS was in a fairly stable position, which is consistent with the Haberman (1992) model's requirement that the pension scheme is in long run equilibrium.
Equations ( [17] [18] [19] [20] were used to calculate the mean and variance of the contribution rate and funding ratio of each efficient portfolio for both the Haberman (1992) and generalised Haberman models. For the generalised Haberman model the only additional parameters are M and d, while for the Haberman (1992) model many more parameters are required to recompute the three actuarial liabilities. These parameters were based on USS (2003) . The USS actuary used one rate for computing the standard contribution rate (i.e. a nominal yield of 6%) and a different rate for computing the funding ratio of the scheme, and hence the contribution rate adjustment (i.e. a current yield of 5%). The values of M = 12 and d = 5.5% were used.
The results for the Haberman (1992) model and the actual USS portfolio on 31 January 2002 are in table 3. The fund's objective is assumed to be to minimise both the contribution rate and the standard deviation of the contribution rate, so that for the Haberman (1992) model portfolios to the north east of the minimum contribution rate risk portfolio (i.e. portfolios 1 to 6 in table 2) are mean-variance dominated and need not be considered further. Thus, the transformation from the mean and variance of portfolio returns to the mean and variance of the contribution rate results in the exclusion of portfolios 4 to 6 from further consideration. This is in addition to portfolios 1 to 3, which were found to be dominated using asset-liability returns, see table 5. The funding ratio for the Haberman (1992) model (FR) is constrained to be 100%, and the USS portfolios have been converted to the same basis. If the funding ratio is computed using a fixed discount rate of 5.5% (as in the generalized Haberman model), it ceases to be 100%.
[ Table 3 here] [ Table 5 here] Table 4 and figure 2 show that, for the generalised Haberman model, the lowest contribution rate risk occurs for portfolios 2 and 3, while portfolio 3 has the lowest funding ratio risk. So, in this case, only portfolio 1 is dominated. Table 5 indicates that, while portfolios 2 and 3 are dominated when using asset-liability returns, they are not dominated when the generalised Haberman model is used. The generalised Haberman model allows FR to depart from 100%, as shown in table 4. (The USS plots in figures 2 and 3 use the funding ratio of 101%.) For portfolios 1-5, the funding ratio is below 100% because, although the contribution rate is high, the expected return on assets is low.
[ Table 4 here] [ Figure 2 here] Figure 3 shows the trade-off between the contribution rate and the standard deviation of the funding ratio. Figure 3 reveals that, for the generalised Haberman model with a fixed spread period, there is a positive linear relationship between the standard deviations of the contribution rate and the funding ratio. This is in sharp contrast to the convex relationship for the Haberman (1992) model, which is also shown in figure 3 . The efficient set for the Haberman (1992) model in figure 3 is the curve AB (portfolios 7 to 11).
[ Figure 3 here] In section 10, the spread period, M, was set to the value used by USS (12 years). However, it is possible that a different choice of M would improve the risk-return performance of the scheme. Section 5 described the estimation of M*, the spread period which minimises the contribution rate. M* cannot be computed when the rate of salary growth exceeds the expected a rate of return on the assets (because v is then negative), which is the case for the low return portfolios 1, 2 and 3. As table 6 shows, for the Haberman (1992) model these are dominated portfolios, and so this is not a significant issue. However, for the generalised Haberman model table 7 shows that this condition rules out portfolios 1 to 6, of which only the first is dominated.
[ Table 6 here] [ Table 7 here] Tables 6 and 7 show the optimal spread period for each portfolio (including the USS portfolio on 31 January 2002) for the Haberman (1992) and generalised Haberman models. For the Haberman (1992) model the fund's chosen spread period of 12 years is always less than the optimal spread period. As discussed in section 5, for the Haberman (1992) model using a H spread period shorter than M* reduces SD(FR), but increases SD(CR). Therefore, although SD(FR) can be reduced by lowering the spread period, this comes at the expense of an increase in SD(CR). Since the two principal objectives used in this paper are to minimise both the mean and variance of the contribution rate, the possibility of minimising SD(FR) is not The transformation of the portfolio results into the mean and variance of the contribution rate and funding ratio in the previous section was repeated using the relevant value of M* (rounded to the nearest integer) from tables 6 and 7. As can be seen by comparing tables 3 and 6 for the The relationship between SD(CR) and M is illustrated in figure 4 for portfolios 7 and 11 using the generalised Haberman model. This shows that for portfolio 7, increasing M from 12 to 19 years reduces SD(CR) from 1.57% to 1.50%; while for portfolio 11, reducing M from 12 to 8 years reduces this risk from 7.69% to 6.47%. Figure 4 also reveals that, over the relevant range, SD(CR) is not very sensitive to M.
[ Figure 4 here]
Allowance for Triennial Valuations
Both the Haberman (1992) and the generalised Haberman models assume annual actuarial valuations. However, most schemes have triennial actuarial valuations. The effects of triennial valuations on the variances of the contribution rate and the funding ratio were investigated by comparing the Dufresne (1988) and Haberman (1993b) models, which are summarised in the appendix. Triennial valuations may increase or decrease the variance of the contribution rate, see Haberman (1993b) and Cairns (1996a) . The Dufresne (1988) model is similar to the Haberman (1992) model, except that there is no lag in adjusting the contribution rate, and differs from the Haberman (1993b) only in that the latter assumes triennial actuarial valuations. Therefore a comparison of the results from these two models will reveal the increase in the variances caused by the introduction of triennial valuations. Using the USS data described above, but with M set equal to the value of M* for the model concerned, it was found that the understatement of the variances of CR and FR due to the absence of a one year lag was only about 2.6% (or 2.7% when M = 12 years). This suggests that a move to triennial valuations would make little difference to the variances of CR and FR, or to the other results in this paper.
Even if there had been a material effect on the variances by switching to triennial valuations, a model which assumes annual valuations may still be preferable. This is because many pension schemes, including USS, make an annual actuarial check on the funding ratio, after which the contribution rate could be adjusted. This is effectively an annual review of the contribution rate, even though a full actuarial valuation is performed only every three years.
Regulatory and Solvency Risk
In order to investigate solvency risk, a knowledge of the probability distribution of the funding ratio is required. The parameters of the distribution of the funding ratio were computed using G the equations in section 6 for the generalised Haberman model with M = 12 and M = M* . The inverted gamma distribution was then used to compute the values of the shortfall probability (SP) and the ETL for the upper and lower regulatory restrictions. The values of SP and ETL were for one year. To obtain results for say a 3 year period, assuming that proportionate changes in the funding ratio are independent over time, the mean and variance of the FR used in equations 23 and 24 must be multiplied by 3. If proportionate changes in the FR are correlated, a more complicated adjustment is required (Jorion, 2000) .
As a simple approximation to the lower solvency bound that will apply after the abolition of the MFR, the specified VaR for the lower tail was set at 70%, which roughly approximates to 100% MFR funding. While the MFR funding ratio is due to be replaced by scheme-specific funding requirements (Secretary of State for Work and Pensions, 2002) , it was decided to use the current MFR as the lower bound. Because each of the regulatory restrictions requires the use of a valuation basis that differs from that used to determine the contribution rate, the funding ratios of 90% and 105% were adjusted to be comparable with those used elsewhere in this paper. At the 2002 actuarial valuation the MFR funding ratio for USS was 144%, as against a funding ratio of 101% using the assumptions of the USS actuary. This implies a lower solvency bound of 101/144 = 70%. The upper bound, imposed to prevent over-funding, was set at 100/70 = 142.86%.
The results are in tables 8 and 9. The ETLs in tables 8 and 9 were computed by setting m, the 1 number of samples, to 100. When M = 12, SP drops to zero for portfolios 4 -11, while for portfolio 1 it is over 50%. This reflects the negative expected asset returns for portfolios 1 and 2, and the larger expected returns for higher numbered portfolios. Conversely, for portfolios 1 -22 7, SP = 0, but as the expected asset return and risk rise, SP rises to over 85% for M = 12.
Even though portfolio 1 has a 50% chance of breaching the MFR when M = 12, the expected value of the funding ratio (ETL) is still 67%, i.e. a 3% breach. Portfolio 11 has an 85% probability of breaching the upper bound when M = 12, and the expected funding ratio is 180%, i.e. a breach of 37%. Thus, the average breach of the upper bound tends to be much bigger than the average breach of the lower bound, reflecting the strong positive skewness of the distribution of the funding ratio.
[ Table 8 SP and ETL for portfolios 7 and 8 are larger than when M = 12; while for portfolios 9-11, the G reverse is the case. This is because M* > 12 for portfolios 7 and 8, and any surplus is removed G more slowly, permitting high funding ratios to be attained; while for portfolios 9-11, M* < 12, any surplus is eliminated more quickly.
[ Table 9 here]
Conclusions
This paper had modelled a number of aspects of pension trustees' decisions concerning the asset allocation and contribution rate. A simple extension of the portfolio model permits the inclusion of different types of liability in the computation of the efficient asset proportions for various levels of risk and return. Pension schemes generally state that their asset allocation decision has taken account of their liabilities. However, they have usually not explicitly incorporated the liabilities into the asset allocation decision. The asset allocations derived from this extended model are different from those derived from an assets-only formulation, and offer significant hedging of the schemes' liabilities. Because of this, it is important that the results of the portfolio analysis are presented to decision makers in terms of the risks and returns on the combination of the assets and liabilities of the scheme, rather than just the assets alone.
An analysis of the asset allocation decision in terms of its effects on the risks and returns of the assets and liabilities of the scheme does not explicitly consider the effects on the contribution rate and the funding ratio. This paper shows how the results of a portfolio model can be reexpressed in terms of the first two moments of the contribution rate and funding ratio. By presenting decision makers with the implications of alternative asset allocations for the mean and variance of the contribution rate and funding ratio, the problem is translated into the variables which ultimately concern the trustees. This transformation can also reveal additional or reduced mean-variance dominance between alternative asset allocations.
Computing the effects of the asset allocation decision on the contribution rate, enables the actuary to calculate the spread period which minimises contribution rate risk for the chosen asset allocation. This paper generalises the Haberman (1992) model by dropping the requirement that the discount rate equals the rate of return on the investments. As well as improving the economic realism of the model, this greatly simplifies its empirical application because the actuarial valuation need not be repeated for a range of different discount rates. In addition, it removes the trade-off between contribution rate risk and funding ratio risk (for a fixed spread period). The Haberman (1992) model and the generalised Haberman model were applied to data for the Universities Superannuation Scheme, and the efficient frontiers plotted for both fixed and optimized spread periods. The trustees then choose a particular combination of the contribution rate and contribution rate risk, which determines the asset allocation.
Finally, the distribution of the funding ratio was considered, in conjunction with the upper and lower statutory limits. This allows trustees to investigate the regulatory and solvency risks associated with a particular asset allocation/contribution rate choice.
The application of the model proposed in this paper requires a change in the way pensions schemes operate. Currently, the contribution rate is usually recommended by the scheme actuary on the basis of an assumed asset allocation; while the actual asset allocation is set separately on the basis of investment advice. The proposed model requires a joint decision by a single person or group, probably at the time the contribution rate is set. The results for USS suggest that this can lead to superior decisions. (Haberman, 1993b) . 
